In this short notes, we discuss monotonicity formulas under various rescaled versions of Ricci flow. The main result is Theorem 2.1.
Functionals W ek from rescaled Ricci flow point of view
This is the research notes when the author wrote [Li07] . In the first section, we discuss the relation between functionals W ek (g, f, τ ) and rescaled Ricci flow.
In In particular, this yields the following theorem.
Theorem 1.1. (Theorem 5.2 in [Li07]) On a compact Riemannian manifold (M, g(t)), where g(t) satisfies the Ricci flow equation for t ∈ [0, T ), the lowest eigenvalue λ k of the operator −4∆ + kR is nondecreasing under the Ricci flow. The monotonicity is strict unless the metric is Ricci-flat.
Based on these observations, to classify expanding Ricci breathers, we have introduced a family of new functionals W ek which has monotonicity properties modeled on expanders. There is a closed relationship between functional F k and W ek connected by rescaled Ricci flow. Actually, this was one of the motivations for us to introduce W ek (see Remark 6.2 in [Li07] ).
It is well-known that there is a one-to-one correspondence between Ricci flow and rescaled Ricci flow. Suppose g(·, t) is a solution of Ricci flow equation
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For any given function
, andt = t 0 ϕ(t)dt, then g(·,t) = ϕ(t)g(·, t) solves the rescaled Ricci flow equation
and
(1.4)
Notice that this rescaled Ricci flow is a generalized version which includes Hamilton's normalized Ricci flow as a special case.
When s = 0, this is the monotonicity formula under Ricci flow without rescale. When s < 0, we have the monotonicity under rescaled Ricci flow. By the same proof of Theorem 5.2 in [Li07] , we have the following monotonicity formula for the lowest eigenvalues under the rescaled Ricci flow. Compare Proposition 1.2 with Theorem 1.1, the main difference is Proposition 1.2 fails to classify the steady state of the lowest eigenvalues which is crucial for applications of monotonicity formulas in general. Namely when the monotonicity is not strict, it yields no information. Thus one cannot apply this formula directly to classify steady or expanding breathers while the functionals W ek we previously introduced served well for this purpose.
From the point of view of rescaled Ricci flow, it is natural for us to introduce functionals W ek . Using (1.5), we have (1.6)
In the following, if we choose s = constant, and defineW k
We can write outt(t) and ϕ(t) explicitly. If we denote τ (t) = − 2n sϕ , then τ = (− 2n s + t). Now back to the corresponding unrescaled Ricci flow system, we have established
This is the same formula of W ek that we obtained in [Li07] . The advantage of this formula is, clearly, we can read that the steady states of the above functionals are Einstein manifolds. One can further apply this property to classify expanding breathers, see [Li07] . As an application to lowest eigenvalues, we have 
Monotonicity under Hamilton's normalized Ricci flow
If one is only interested in Hamilton's normalized Ricci flow, i.e.,
M dµ is the average total scalar curvature, then a direct consequence of (1.6) yields the following.
Theorem 2.1. On a compact Riemannian manifold (M n , g(t)), where g(t) satisfies the normalized Ricci flow equation of Hamilton (2.1) for t ∈ [0, T ), if λ(t) denotes the lowest eigenvalue of the operator −4∆ + kR (k ≥ 1)at time t, assume λ(t) is a C 1 family of t, then λ is nondecreasing under the normalized Ricci flow, provided r ≤ 0. The monotonicity is strict unless the metric is Einstein.
Proof. To simplify notations, we remove all the¯s in (1.6). Under the hypothesis of the theorem, choose s = r in (1.6), proceeding as before, we have (2.2) dλ dt = 2r n (λ − kr) + 2(k − 1) M |Rc − r n g| 2 e −f dµ + 2
where e − f 2 is the eigenfunction of λ. By definition, λ = inf
